Introduction
In this article I outline a proof of the theorem (proved in [25] ):
where A and B are non-zero relatively prime integers with A + B non-zero. The curve E given by this affine equation is understood to be the curve in the projective plane P2 given by the homogenized form of (1) , namely the point 0 is then the unique "point at infinity," which has homogeneous coordinates (0,1,0)
It is frequently essential to view E as a commutative algebraic group over Q. In particular, given two points P and Q on E with coordinates in a field K D Q (we write P,Q E E(I~)), a sum P + Q is defined, and is rational over K. The coordinates of P + Q are rational functions in the coordinates of P and Q, with coefficients in Q; these coefficients depend on the defining equation of E. The identity element of this group is the distinguished point O. Further, three distinct points sum to 0 in the group if and only if they are collinear.
According to the Weierstrass theory ( [13] , Ch. 9), we may describe E over C as the quotient C/L, where L is a suitable period lattice for E. To do this, we fix a non-zero holomorphic differential w of E over C and construct
L as
From this description, we see easily for each n > 1 that the group is a free Z/nZ-module of rank 2, and in particular has order n2. Indeed, this follows from the isomorphism n L/L and the fact that L is free of rank 2 over Z. The points of E[n] are those whose coordinates satisfy certain algebraic equations with rational coefficients, depending again on the defining equation of E. In particular, the finite group E[n] consists of points of E(Q) and is stable under conjugation by elements of Gal(Q/Q). Thus Then Kn is concretely the finite extension of Q obtained by adjoining to Q the coordinates of all points in E[n]. This field is a Galois extension of Q, whose Galois group Gn = Gal(Kn/Q) is isomorphic to the image of pn, and especially is a subgroup of Aut(E~n~). A great deal is known about the family of Gn as E/K remains fixed and n varies. For example, J-P. Serre proved in [29] that the index of Gn in Aut(E[n] ) remains bounded as n -~ oo, provided that E is not an elliptic curve with "complex multiplication."
The curves excluded by this theorem of Serre, i.e., those with complex multiplication, form an extremely interesting class of elliptic curves, for which a variety of problems can be treated. For example, Shimura [33] proved the Taniyama-Shimura Conjecture (described below) for such elliptic curves. However, this class is essentially disjoint from the class of curves that we are going to consider.
Indeed, suppose that E is given by (1) , where the integers A and B satisfy the mild conditions 32 ~ B, 4 ~ ( A + 1). Then as Serre has indicated ([30] , §4.1), E is a semistable elliptic curve, having bad reduction precisely at the primes dividing ABC, where C = -(A + B). By a well known theorem of Serre-Tate [31] , E does not have complex multiplication.
The concepts "semistability" and "bad reduction" can be explained in a rough way as follows (cf., e.g., [13] ( 1) and that the conditions are satisfied. Then Serre has suggested that N be termed the "radical" of ABC in this case.
A second integer associated with a curve E over Q is its minimal discriminant, a non-zero integer 0 = L~~ which is roughly the discriminant of the minimal Weierstrass equation for E. It is given in terms of the coefficients of this equation by a well known formula (see for example [13] , p. 68). If E is given by (1) [30] is based on results of Mazur [18] , and relies on the fact that the 2-division points of E are rational over Q (i.e., K2 = Q). This latter fact is evident from the fact that the right-hand side of (1) [16] .
The Jacobian of Xo(N) is the abelian variety Jo(N); this is a complete group variety whose dimension is the genus g(N) of the curve Xo(N). This genus is given by a well known formula (see, e.g., [23] , p. 455). The integer g(N) is 0 for all N 10, and we have for example g ( 11 ) = 1, g (23) = 2.
We let S(N) be the complex vector space of weight-2 holomorphic cusp forms for ro(N) . The sum 03A3 anqn is viewed often as a formal series in q, and is known as the "q-expansion" of the cusp form f. We require some results about this action which follow from the fact that Jo(N) has semistable reduction at the prime q. These results are certainly not elementary. Indeed, the semistable reduction that we need follows from the work of Deligne-Rapoport [4] on the reduction of modular curves (see also [16] and [7] for recent, related work), together with results of Raynaud [24] relating the reductions of curves with the reductions of their Jacobians. The information that is to be deduced about is contained in Grothendieck's article on Neron models and monodromy [12] .
We It follows from the work of Grothendieck, Raynaud, and Deligne-Rapoport [12] , [24] , [4] [3, 6] . (Further discussion of the mod p reduction of Pic°(C) is found in Kurihara [17] , articles of Jordan-Livne [14, 15] , and [26] .) Let The words "naturally isomorphic" are intended to convey the information that the map 03B8 introduced in (6) Next, let us view X Q) X as a T-module via (6) . In (X ® X)m is non-zero, which contradicts Proposition 5.5.
The existence of F is implicit in [15] , which exhibits a quantitative relation between W and a quotient of X fli X. To construct F, the author uses the exact sequence (6) , plus a description of W in terms of Y which is due to Grothendieck [12] . Namely, there is a bilinear pairing the monodromy pairing for J mod p, such that ~ is canonically the cokernel of the map This pairing is defined in terms of the mod p reduction of the curve C. An analysis similar to that which establishes (6) In [25] , the author inserts ~ into a commutative diagram of exact sequences and constructs F by appealing to the Snake Lemma. The resulting long exact sequence gives a description of the cokernel of F, which turns out to be the a quotient of 03A6, the group analogous to 03A8 which is associated to the mod q reduction of Jo(N). One should consider F to be "essentially surjective" because $ is a group which can be ignored when studying irreducible two-dimensional representations of Gal(Q/Q). The point is that $ is Eisenstein in the sense that the relation Tr = (r + 1 ) holds on ~, for all primes r which do not divide N ( [25, 27, 8] ). This implies easily that the support of I) as a T-module is contained in the set of maximal ideals for which the corresponding two-dimensional representations of Gal(Q/Q) are reducible. In particular, = 0.
